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We theoretically study the effects of loss on the phase
sensitivity of an SU(1,1) interferometer with parity de-
tection with various input states. We show that al-
though the sensitivity of phase estimation decreases in
the presence of loss, it can still beat the shot-noise limit
with small loss. To examine the performance of par-
ity detection, the comparison is performed among ho-
modyne detection, intensity detection, and parity de-
tection. Compared with homodyne detection and in-
tensity detection, parity detection has a slight better
optimal phase sensitivity in the absence of loss, but
has a worse optimal phase sensitivity with a significant
amount of loss with one-coherent state or coherent ⊗
squeezed state input. © 2018 Optical Society of America
OCIS codes: (270.0270) Quantum optics; (120.5050) Phase measure-
ment; (120.3940) Metrology; (120.3180) Interferometry.
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1. INTRODUCTION
Quantum optical interferometer, a primary tool for various
precision measurements, has long been proposed to achieve
higher sensitivity than what is possible classically [1–13].
Recently, physicists with the advanced Laser Interferometer
Gravitational-Wave Observatory (LIGO) observed the gravita-
tional waves [14] owing to the development of the advanced
optical interferometricmeasurement technology. The optical in-
terferometer works based on mapping the quantity of interest
onto the phase variance of a system and estimating the latter, for
example, the relative phase between the two modes or "arms"
of an interferometer [15]. However, the phase sensitivity of a
classical measurement scheme is limited by the shot-noise limit
(SNL), 1/
√
N¯, where N¯ is the mean total photon number inside
the interferometer.
In the quantum optical metrology, one goal is to achieve a
sensitivity of phase estimation below the SNL. For this purpose,
in 1986 Yurke et al. [16] proposed a theoretical scheme of the
SU(1,1) interferometer. In this type of interferometer, the split-
ter and recombination of the beams are done through nonlinear
interactions while conventional SU(2) interferometers use lin-
ear beam splitters. They showed that such a kind of interferom-
eter provides the potential of achieving improved sensitivity of
phase estimation. This is because of reduction of the noise and
amplification of signal achieved by the nonlinear interactions.
Recently, the experimental realization of such a nonlinear in-
terferometer was reported by Jing et al. [17] in which the nonlin-
ear beam splitters are realized by using optical parametric am-
plifiers (OPAs) and the maximum output intensity can be much
higher than the input due to the parametric amplification. In
2014, an improvement of 4.1 dB in signal-to-noise ratio was ob-
served by Hudelist et al. [18] compared with the SU(2) interfer-
ometer under the same operation condition. In 2017, Anderson
et al. [19] observed that the "truncated SU(1,1) interferometer"
can surpass the SNL by 4 dB even with ≈ 30% loss.
The discussion above focuses only on the SU(1,1) interferom-
eters realized by using OPAs as beam splitters experimentally
which can be characterized by all-optical ones. In contrast, an-
other kinds of SU(1,1) interferometers have been also realized
experimentally. For example, the atom-light hybrid SU(1,1) in-
terferometer [20–22] has been reported which used the inter-
face between the atomic pseudospin wave and light. Besides,
the all-atomic SU(1,1) interferometer [23–29] was also studied.
Gabbrielli et al. [25] presented a nonlinear three-mode SU(1,1)
atomic interferometer realized with ultracold atoms. Further-
more, Barzanjeh et al. [30] proposed to achieve the SU(1,1)-type
interferometer by using the circuit quantum electrodynamics
system. More recently, Chekhova et al. [31] presented a detail
review of the progress on the field of SU(1,1) interferometer for
its application in precision metrology.
However, in realistic systems the interaction with the envi-
ronment is inevitable. Since quantum procedures are suscepti-
ble to noise, the analysis of phase estimation in noisy or dissipa-
tive environment is required [32–35]. From this point of view,
the effects of loss on the phase sensitivity of the SU(1,1) interfer-
ometers were investigated by Marino et al. [36] in 2012 where
the measurement scheme considered was intensity detection
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(ID). They showed that the phase sensitivity can still surpass
the SNL possibly with the loss being smaller than 50%, even
though the photon losses degrade the sensitivity of phase esti-
mation. In 2014, some of the authors [37] also studied the effects
of loss on the performance in an SU(1,1) interferometer via ho-
modyne detection (HD). They presented that the photon losses
would reduce the sensitivity of phase estimation where the ef-
fects of the loss between the two OPAs on the phase sensitivity
is greater than the loss after the second OPAwhen cosh(2g) > 1
with g being the OPA strength.
It is worthy noting that the HD measures the quadrature
of the field [38] which is different from the intensity detection
monitoring the mean total photon number of the field with
its corresponding photon number operator Nˆc ≡ cˆ† cˆ (cˆ and
cˆ† are annihalation and creation operators of mode c, respec-
tively). In general, it is defined as Xˆc(θ) = (cˆe−iθ + cˆ†eiθ)/
√
2
for the quadrature operator of mode c where θ determines the
quadrature phase. When θ = 0, it is reduced to Xˆc(0) =
(cˆ + cˆ†)/
√
2 which is usually called as dimensionless position
operator while Xˆc(pi/2) = (cˆ − cˆ†)/(i
√
2) is called as dimen-
sionless momentum operator when θ = pi/2 [38]. Specifically,
the homodyne detection is taken along the Xˆc(0) quadrature
in the scheme considered here. Moreover, for a balanced homo-
dyne detection scheme, one would impinge one of the outgoing
light outputs onto a 50:50 linear beam splitter, along with a co-
herent state of the same frequency as the input coherent state
and perform intensity difference between the two outputs of
this beam splitters which is a mature technique for quantum
optical measurement experiments nowadays [39].
As described above, the effects of loss with the HD and the
ID have been analyzed in an SU(1,1) interferometer. However,
the analysis of the effects of loss with the parity detection (PD)
on an SU(1,1) interferometer is still missing. The parity detec-
tion serves as an optimal detection strategy when the given
states are subject to the phase fluctuations [40]. The effects of
loss on the performance of an SU(1,1) interferometer via the PD
also merit investigation. In 2016, some of the authors [41] an-
alyzed the performance of the PD in an SU(1,1) interferometer
in the absence of loss. In this paper, we will investigate the ef-
fects of loss on the phase sensitivity in an SU(1,1) interferometer
with the PD. In the presence of small loss, the phase sensitivity
will be reduced but still surpass the SNL. Moreover, we also
compare the phase sensitivities among the HD, the ID, and the
PD in a lossy SU(1,1) interferometer. Furthermore, the phase
sensitivity with parity detection is compared with the quan-
tum Cramér-Rao bound (QCRB) [1, 5], which gives the ultimate
limit for a set of probabilities that originated from measure-
ments on a quantum system. The QCRB can be obtained by the
maximum likelihood estimator and presents a measurement-
independent phase sensitivity ∆φQCRB.
This manuscript is organized as follows: section 2 presents
the phase sensitivity in ideal case and the loss effects on the
phase sensitivity with the PD which is followed by a compari-
son among different detections in section 3. Last we conclude
with a summary.
2. PHASE SENSITIVITY IN AN SU(1,1) INTERFEROME-
TER
A. Ideal case
The PD was first proposed by Bollinger et al. [42] to study spec-
troscopy of trapped ions by counting their number in 1996.
Fig. 1. An SU(1,1) interferometer with a two-mode input in
which two OPAs take the place of two beam splitters in the
traditional Mach-Zehnder interferometer. g1 (g2) and θ1 (θ2)
describe the strength and phase shift in the OPA process 1
(2), respectively. aˆi and bˆi (i = 0, 1, 2) mean the annihilation
operators of modes a and b, respectively. The pump field be-
tween the two OPAs has a pi phase difference compared with
the pump field before the first OPA. The output of mode b2 is
measured by parity detection. M: mirrors, φ: phase shift.
Later Gerry [43] introduced the PD into optical interferome-
ters. The PD on an SU(2) interferometer has been proven to
be an efficient measurement method for a wide range of input
states [44–47] where the PD works as well, or nearly as well, as
state-specific detection schemes [48, 49]. Mathematically, par-
ity here means simply the evenness or oddness of the photon
number in an output mode. Its corresponding parity operator
is described by Πˆ = (−1)Nˆ with Nˆ being the single-mode pho-
ton number operator. In experiments, the PD can be achieved
by using homodyne techniques [50] for high power beam, or
counting the photon number with a photon-number resolving
detector directly for low optical power [51].
In our case, the parity operator of the output mode b is natu-
rally defined as Πˆb ≡ (−1)bˆ†2 bˆ2 where bˆ2 and bˆ†2 are annihilation
and creation operators of output mode b, respectively. Accord-
ing to the linear error propagation formula, the sensitivity of
phase estimation with the PD is given by
∆φ =
〈∆Πˆb〉∣∣∣ ∂〈Πˆb〉∂φ
∣∣∣ , (1)
where 〈∆Πˆb〉 ≡ (〈Πˆ2b〉 − 〈Πˆb〉2)1/2 = (1− 〈Πˆb〉2)1/2.
We consider a coherent and squeezed vacuum state as input
here. Transport of input fields through an SU(1,1) interferom-
eter is described in Appendix A. Based on this model, 〈Πˆb〉 is
worked out as a series of rather complex and un-illuminating
expressions as shown in Appendix B. Then the phase sensitiv-
ity in an SU(1,1) interferometer with a coherent and squeezed
vacuum input state with the PD is found to be minimal at φ = 0
and is given by
∆φ =
1
GOPA
1
{Nα[sinh(2r) cos(2θα) + cosh(2r)] + Ns + 1}1/2
,
(2)
where Nα = |α0|2 is the mean total photon number of input co-
herent state with α0 = |α0|eiθα being the amplitude of input
coherent state, Ns = sinh
2 r is the intensity of the squeezed
vacuum light with its squeezing parameter r, and GOPA =√
NOPA(NOPA + 2) = sinh(2g) with NOPA = 2 sinh
2 g being
the spontaneous photon number emitted from the first OPA
with the parametric strength of g (we use g1 = g2 = g). When
θα = 0, the optimal phase sensitivity is obtained and is found
to be
∆φ =
1
GOPA
1
[(Nαe2r + Ns + 1)]1/2
, (3)
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Fig. 2. A lossy interferometer model, the losses in the interfer-
ometer are modeled by adding fictitious beam splitters. vˆa and
vˆb denote the vacuum modes va and vb, respectively.
where the factor e2r results from the input squeezed vacuum
beam. If vacuum input (Ns = 0 and Nα = 0) the phase sensitiv-
ity with the PD is then simplified to ∆φ = 1/GOPA which is the
same as the result of the ID [16]. Thus, the PD has the same op-
timal scaling of phase sensitivity as the ID with vacuum input.
For the sake of clarity, the corresponding Heisenberg limit
(HL) [36] is presented in Appendix C and is given by
∆φHL =
1
NTot
, (4)
where NTot = (NOPA + 1)Nin + NOPA is the total mean photon
number inside the nonlinear interferometer with Nin = Nα +
Ns being the total mean input photon number [37]. Meanwhile,
the corresponding shot-noise limit (SNL) is given by ∆φSNL =
1/
√
NTot [36]. According to Ref. [41], it is easy to find another
quantum limit, the QCRB of an SU(1,1) interferometer, which is
shown in Appendix D.
B. Effects of loss
The decoherence process is inevitable by the imperfections in
interferometric setups. As discussed in reference [52], there are
various kinds of decoherence processes, such as, the effects of
phase diffusion, the impact of imperfect visibility and photonic
losses. For simplicity, here we only consider the effects of pho-
tonic losses. It is well known that loss has a significant effect on
the phase sensitivity [53–55]. In the presence of dissipation, the
performance of phase estimation is degraded due to the loss of
photons. For this reason, any practical implementation of the
measurement scheme must pay special attention to the loss ef-
fects carefully.
In this section, we investigate the effects of loss on the phase
sensitivity in an SU(1,1) interferometer with the PD. Theoreti-
cally, photon loss is typically modeled by a beam splitter that
routes photons out of the interferometer as shown in Fig. 2 [33].
L1 and L2 describe the loss on the up and bottom arms, respec-
tively.
With this scheme, the pure-state input is now described as
a Wigner function for the four modes including two vacuum
modes. Due to two external vacuum modes introduced, the
initial Wigner function for the four modes is entirely described
as
Win(α
′
i ; β
′
i; va0; vb0) =W|α0〉(αi, α0)W|0,ξ〉(βi, r)
×W|0〉a0(va0)W|0〉b0(vb0), (5)
where W|0〉a0(va0) and W|0〉b0(vb0) are Wigner functions of vac-
uum in va and vb modes, respectively, and are given by [38]
W|0〉a0(va0) =
2
pi
e−2|va0|
2
,
W|0〉b0(vb0) =
2
pi
e−2|vb0|
2
, (6)
where the complex numbers va0 and vb0 are introduced and dis-
tributed over the Wigner phase space.
Similar to the ideal case as shown in Appendix A, after pass-
ing through the nonlinear interferometer, the corresponding
output Wigner function can be then written as
Wout(α
′
f ; β
′
f ; va f ; vb f ) =Win[α
′
i(α
′
f ; β
′
f ; va f ; vb f ); β
′
i(α
′
f ; β
′
f ; va f ; vb f );
va0(α
′
f ; β
′
f ; va f ; vb f ); vb0(α
′
f ; β
′
f ; va f ; vb f )].
(7)
Crucially, the four-mode-input-output relation of the SU(1,1) in-
terferometer is given by


αi
β∗i
va0
v∗b0


= T′−1


α f
β∗f
va f
v∗b f


, (8)
where the total transformation matrix is found to be
T′ = T′OPA1T
′
φT
′
lossT
′
OPA2,
with
T′OPA1 =


u1 v1 0 0
v∗1 u1 0 0
0 0 1 0
0 0 0 1


,
T′φ =


eiφ 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


,
T′loss =


√
1− L1 0
√
L1 0
0
√
1− L2 0
√
L2√
L1 0
√
1− L1 0
0
√
L2 0
√
1− L2


,
T′OPA2 =


u2 v2 0 0
v∗2 u2 0 0
0 0 1 0
0 0 0 1


, (9)
where uk = cosh gk, vk = e
iθk sinh gk, and v
∗
k is the conjugate
of vk (k = 1, 2), θ1 (θ2) and g1 (g2) are the phase shift and
parametric strength in the OPA process 1 (2), respectively. L1
and L2 denote the photon loss on the modes a1 and b1 inside
the interferometer, respectively.
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Fig. 3. Sensitivity of phase estimation with the PD versus φ
with various inputs of (a) vacuum state (|α0| = 0 and r = 0);
(b) only one coherent state (|α0| = 2 and r = 0); (c) coherent
and squeezed vacuum state (|α0| = 2 and r = 1), and with
different cases of loss: the dashed-blue line is for L = 0.1, the
dash-dotted-red line for L = 0.05, the solid-brown line for the
ideal case, and the dotted-green, dashed-purple, and dashed-
orange lines for the SNL, the HL, and the QCRB, respectively.
Parameters used are: L1 = L2 = L and g = 1.
By combining Eqs. (5), (6), (7), (8), and (24) shown in Ap-
pendix A, the signal of the PD on the output of mode b2 is given
by
〈Πˆlossb 〉 =
pi
2
∫
Wout(α
′
f ; 0; va f ; vb f )d
2α′f d
2va f d
2vb f . (10)
The result of 〈Πˆlossb 〉 is a series of rather large equations, which
is reported in Appendix E. Then similar to Eq. (1) the phase
sensitivity ∆φL in the presence of loss is worked out by
∆φL =
〈∆Πˆlossb 〉∣∣∣∣ ∂〈Πˆlossb 〉∂φ
∣∣∣∣
, (11)
where the subscript L denotes the loss and the phase sensitivity
∆φL is also a series of complex expressions and is not reported
here.
So far, we have obtained the performance of a nonlinear in-
terferometer via the PD in the presence of loss. Specifically, if
vacuum inputs (α0 = 0, r = 0), ∆φL is simplified to
∆φL ={1− [(1− L) sinh2(2g) cos φ− (1− L) cosh2(2g)
− L cosh(2g)]−2}1/2 csc φ
16(1− L) {4 coth(2g)[L
+ (1− L) cosh(2g)]− 4(1− L) sinh(2g) cos φ}2, (12)
where we have set L1 = L2 = L. In the absence of loss (L = 0)
and at the optimal phase point (φopt = 0) the optimal phase
sensitivity in Eq. (12) can be reduced to
∆φL =
1
GOPA
=
1√
NOPA(NOPA + 2)
, (13)
which agrees with the result of ideal case.
It shows the phase sensitivity with the PD as a function of φ
for various cases of loss (L = 0.1, L = 0.05, and L = 0) under
the condition of vacuum state input [one-coherent-state input
and coherent ⊗ squeezed-vacuum state input] as depicted in
Fig. 3(a) [3(b) and 3(c)]. One can easily see that the optimal
phase point is at φopt = 0 in the absence of loss in Figs. 3(a),
3(b), and 3(c). However, considering the effects of loss, φopt
becomes apart from 0. Additionally, the optimal phase point
tends to be far away from 0 with loss increasing. This is due to
decorrelation point (φ = 0) playing a significant role on preci-
sion phase estimation [22]. At nearby the decorrelation point,
the detection noise is amplified a little and the optimal phase
sensitivity is then obtained. Without loss, φ = 0 is the decorre-
lation point leading that the outputs have the same correlation
as inputs. However, φ = 0 is not the decorrelation point when
considering the effects of photon loss [22] which decreases the
precision of phase estimation.
In Fig. 3(a), in the absence of loss, it reaches below the HL
(∆φHL = 1/NOPA) for the optimal sensitivity of phase estima-
tion (∆φL = 1/
√
NOPA(NOPA + 2)) with NOPA = 2 sinh
2 g be-
ing the total mean photon number inside the interferometer.
However, NOPA is small because in this scheme the photon
number is only dependent on the OPA strength g which is of
order of 3 available currently [18, 56]. Moreover, this sensitiv-
ity has been also discussed in Refs. [57, 58]. Although it beats
the scaling of 1/NTot with vacuum state input, one can find that
the phase sensitivity approaches but does not reach below the
ultimate quantum limit, the QCRB, as depicted in Fig. 3(a). It
is worthy noting that it does not surpass the corresponding HL
for the optimal sensitivity of phase estimation under the con-
ditions of these two inputs of one-coherent state and coherent
⊗ squeezed-vacuum state as depicted in Figs. 3(b) and 3(c), re-
spectively.
Corresponding to Fig. 3(a) [3(b) and 3(c)], the optimal phase
sensitivity with the PD as a function of loss is shown in Fig. 4(a)
[4(b) and 4(c)]. In Fig. 4(a), one can see that although ∆φL
becomes worse as the loss increases, the optimal sensitivity of
phase estimation could still beat the SNL when L < 0.07 = Lcri
where we write this critical loss as Lcri (the subscript cri stands
for critical). It is worthy pointing out that L < 0.07 indicates
the lose being less than 7% of photon number on each mode a1
and b1 between the two OPAs. In the situation of vacuum input
considered here, it is NTot ≡ 〈aˆ†1 aˆ1 + bˆ†1 bˆ1〉 = 2 sinh2 g ≈ 2.8 for
the mean total photon number inside the SU(1,1) interferome-
ter. Therefore, it is easily found that L < 0.07 corresponds the
photon number of loss being 0.07NTot ≈ 0.2.
Moreover, it is worthy pointing out that in Figs. 4(b) and 4(c),
the critical losses are Lcri ≈ 0.06 (for one-coherent-state input
Letter Journal of the Optical Society of America B 5
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Fig. 4. The optimal phase sensitivity with the PD versus the
loss L with various inputs of (a) vacuum state (|α0| = 0 and
r = 0); (b) only one coherent state (|α0| = 2 and r = 0); (c)
coherent and squeezed vacuum state (|α0| = 2 and r = 1).
The dashed-magenta, dashed-blue, solid-red, dot-dashed-blue,
dashed-purple, and dashed-orange lines correspond to the
HD, the ID, the PD, the SNL, the HL, and the QCRB, respec-
tively. It is worthy pointing out that the HD is missing in Fig.
4(a) due to its performance being always bad [62]. Parameter
used is: g = 1.
with |α0| = 2 and g = 1) and Lcri ≈ 0.05 (for coherent and
squeezed-state input with |α0| = 2, r = 1, and g = 1), re-
spectively. One can easily find that they are different for Lcri
in Figs. 4(a), 4(b), and 4(c). It is of significance to understand
the behaviors of Lcri since Lcri determines whether it achieves
a phase sensitivity below the SNL which can not be attainable
by classical schemes. Naturally, a new question arises from that
how Lcri behaves with different experimental configurations.
To investigate it, we consider three different situations: (1)
vacuum state input in Fig. 5(a), (2) one-coherent-state input
with a fixed |α0| = 2 in Fig. 5(b), and (3) one-coherent-state
input with a fixed value of g = 1 in Fig. 5(c)]. It is found
that the critical loss Lcri which degrades ∆φ to approach the
SNL is closely related to the detail configurations, such as, in-
put states and OPA strengths. For instance, considering the
vacuum input (|α| = 0 and r = 0), let the optimal phase sen-
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Fig. 5. The loss Lcri as a function of NTot where only when L <
Lcri the ∆φL reaches below the SNL, with the PD for various
cases: (a) vacuum input (varying g), (b) one-coherent-state in-
put with a fixed amplitude of |α0| = 2 (varying g ∈ [1, 4]), and
(c) one-coherent-state input with a fixed value of g = 1 (vary-
ing |α0| ∈ [0, 100]). Note that NTot = (NOPA + 1)Nin + NOPA.
sitivity ∆φL|φ=φopt = ∆φSNL, one can then obtain the relation
between the loss Lcri and g which is rather complicated and is
not reported here. To make it clear, we plot the Lcri versus NTot
in Fig. 5(a). It shows that the Lcri decreases with the increase
of g which indicates that with NTot increasing, it becomes more
easily to degrade to the SNL in the presence of loss. Moreover,
in Fig. 5(b), the coherent state is fixed by |α0| = 2 while we
adjust NTot by varying g. It is easily found that Lcri decreases
with NTot increasing. Furthermore, for comparison, in Fig. 5(c),
g is fixed while we vary |α0| to set NTot. In such a condition,
when NTot > 4000, Lcri decreases gradually with the increase of
NTot. However, Lcri fluctuates around 0.06 when NTot < 4000
which indicates that the phase sensitivity can beat the SNLwith
a certain loss rate even within a wide range of input intensity.
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3. COMPARISON AMONG DIFFERENT DETECTIONS IN
THE PRESENCE OF LOSS
In a lossy traditional SU(2) interferometer, practical measure-
ments have been compared including the HD, the ID and the
PD [59, 60]. Naturally, it is also necessary to compare the per-
formances among the HD, the ID, and the PD in a lossy SU(1,1)
interferometer since the SU(1,1) has been realized experimen-
tally [17].
It is worthy noting that the traditional SU(2) interferome-
ter measures the difference in the intensities of the two out-
put modes generally whereas the ID measures the total number
of photons at the output in an SU(1,1) interferometer. This is
due to for an SU(1,1) interferometer, the intensity difference be-
tween the two output modes is a conserved quantity [61] and
provides no information about φ since photons are always cre-
ated or eliminated in pairs by the parametric processes.
Similar to method in Ref. [36], one can obtain the sensitivity
of phase variance with coherent and squeezed vacuum state in-
put in an SU(1,1) interferometer with the ID which is in a rather
complicated expression and is shown in Appendix G. Mean-
while, in Ref. [37], it presents the sensitivity of phase estimation
with a coherent and squeezed vacuum input state in the pres-
ence of loss with the HD,
∆φHL =
1
erGOPA
√
Nα
[1+
L
(1− L)
e2r NTot
Nα + Ns
]1/2, (14)
where the superscript H denotes the HD.
The comparison is performed among the HD, the ID, and
the PD for the optimal phase sensitivity as a function of loss L
(L1 = L2 = L) as shown in Fig. 4: (a) vacuum input, (b) one-
coherent-state input, and (c) coherent and squeezed-state in-
put, where the dashed-magenta, dashed-blue, solid-red, dotted-
green, purple-dashed, and dashed-orange lines stand for the
HD, the ID, the PD, the SNL, and the HL, respectively. In
Fig. 4(a), we see that with vacuum state input (|α0| = 0) the
ID has a better performance than the PD in the presence of loss.
With small loss L < 0.07 the PD can still surpass the SNL while
the ID can beat the SNL even with large loss L < 0.3. Although
the PD has a phase sensitivity as same as the ID in the ideal case
as depicted in the zoom figure in Fig. 4(a), the ID is more opti-
mal than the PD in practical experiments in the presence of loss.
Moreover, it is worthy pointing out that under the condition
of vacuum state input, the HD has a phase sensitivity which is
always bad [62]. Therefore, the HD is missing in Fig. 4(a).
In Fig. 4(b), it plots the optimal phase sensitivities for vari-
ous detections with one-coherent-state input. It is easily found
that although without loss the PD has the best phase sensitiv-
ity as shown in the corresponding inset figure, the HD becomes
the optimal detection scheme with the loss increasing. More-
over, even with large loss L < 0.3 the HD can still beat the SNL
which is a robust scheme to the loss. Furthermore, it is worthy
noting that with one-coherent-state input the ID has a optimal
phase sensitivity which is around the SNL and is worst than the
ones of the HD and ID. To explain this, we plot the phase sen-
sitivities of the HD, the ID, and the PD versus φ in the absence
of loss as shown in Fig. 6(b). One can easily find that the ID
has a phase sensitivity which diverges at φ = 0 whereas φ = 0
is the optimal phase point for both the HD and the PD. There-
fore, the ID has a worse optimal phase sensitivity which is not
suitable for the case of one-coherent-state input in a nonlinear
interferometer. However, the ID has a phase sensitivity which
degrades a little with the increase of loss as depicted in Fig. 4(b).
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Fig. 6. The phase sensitivity with parity detection versus φ for
different detections with various inputs of (a) vacuum state
(|α0| = 0 and r = 0); (b) only one coherent state (|α0| = 2 and
r = 0); (c) coherent and squeezed vacuum state (|α0| = 2
and r = 1). The dashed-magenta, dashed-blue, solid-red,
dot-dashed-blue, dashed-purple, and dashed-orange lines
correspond to the HD, the ID, the PD, the SNL, the HL, and
the QCRB, respectively. Similar to the Fig. 4(a), the HD is also
missing in Fig. 6(a) due to its performance being always bad
[62]. Moreover, it is worthy noting that in Fig. 6(c), it plots the
phase sensitivities with the ID for different phases of coher-
ent input state. This is owing to that the optimal phase of θα
is not quite clear with the ID which determines the optimal
phase sensitivity to be achieved whereas it is optimal phase
θα = 0 for both the HD and the PD. In Fig. 6(c), solid-black,
dot-dashed-cyan, and dashed-blue lines denote the ID with
θα = 0,pi/10, and pi/4, respectively. Parameter used is: g = 1.
Therefore, even with a worse optimal phase sensitivity, the ID
is robust to the loss.
Fig. 4(c) presents the optimal phase sensitivities of the HD,
the ID, and the PD versus loss L with the input of coherent and
squeezed state. In the absence of loss, the optimal phase sensi-
tivities of HD and PD are close to the HL whereas it is around
the SNL for the optimal phase sensitivity with the ID. Similar to
the case of one-coherent-state input, the PD has the best optimal
phase sensitivity without loss with coherent and squeezed-state
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input as shown in the zoom figure in Fig. 4(c). However, it de-
grades sharply for the optimal phase sensitivity of the PD with
the loss increasing while the ones of the ID and HD degrade a
little.
Corresponding to Fig. 4(c), it plots the phase sensitivities
in the absence of loss as a function of φ with coherent and
squeezed-state input for various detection schemes in Fig. 6(c).
It is worthy pointing out that it diverges at φ = 0 for the phase
sensitivity of the ID which is similar to the case of one-coherent-
state input. Moreover, it is found that the phase sensitivity is
related the phase of coherent input state θα where θs has been
set to zero for the phase of the squeezed input state. Therefore,
it also plots the phase sensitivities for various θα = 0,pi/10,
and pi/4 in Fig. 6(c). It is worthy noting that when θα = 0, it
is symmetrical for the phase sensitivity with the ID along with
the line of φ = 0 whereas it is not symmetrical any more when
θα = pi/10 and pi/4. However, if θα = pi/4, it has a better
optimal phase sensitivity than the cases of θα = 0 and pi/10.
Although the ID achieves its optimal phase sensitivity as
well as the scaling of phase sensitivity as shown in Fig. 4(c),
it is close to the SNL which looks like not consistent with the
conclusion of beating the SNL as reported in previous works
[36, 63]. In fact, the results do not contradict each other. In Refs.
[36, 63], they presented that the ID is proven to be an efficient
detection scheme in which the input is in a two-coherent state
whereas the input is in a coherent and squeezed state in our
scheme. Therefore, the input considered here is different from
the previous works which leads to a medium performance of
phase sensitivity with the ID.
To verify this, it is investigated for the case of two-equal-
coherent state as input. Similarly, the comparison is performed
among these three detections in an SU(1,1) interferometer in the
following content. According to Ref. [36], it can be found that
the optimal sensitivity of phase estimationwith the IDwith con-
sidering loss with two-equal-coherent-state input |iα0/
√
2〉 ⊗
|α0/
√
2〉 is given by
∆φIL,twocoh ={
1
4|α0|2 sinh2 g cosh2 g
[1+
L
1− L (1+ 2 sinh
2 g)]
+
L
(1− L)2
1+ L(sinh2 g + cosh2 g)
4|α0|2 cosh2 g
}1/2, (15)
where for convenience, we have used g, 1 − L, iα0/
√
2 and
α0/
√
2 to replace the s, η1, α and β in the expression of Eq. (23)
in Ref. [36], respectively. Similar to the method as discussed in
Ref. [37], one can obtain the optimal phase sensitivity with the
HD with two-equal-coherent-state input as
∆φHL,twocoh =
√
L cosh(2g) + 1− L
1− L
1√
2|α0| cosh2 g(tanh g + 1)
=
√
L cosh(2g) + 1− L
1− L ×
√
2
|α0|(
√
NOPA(NOPA + 2) + NOPA + 2)
, (16)
where we have used NOPA ≡ 2 sinh2 g which means the spon-
taneous photon number generated by the fisrt OPA when the
input state is in a vacuum state.
In Fig. 7, we plot the optimal sensitivities of phase esti-
mation as a function of loss with two-equal-coherent-state in-
put |iα0/
√
2〉 ⊗ |α0/
√
2〉 for various detection schemes. The
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Fig. 7. The optimal phase sensitivity ∆φ of the SU(1,1) in-
terferometer as a function of loss L for different detection
schemes (HD, ID, and PD) with two-equal-coherent-state in-
put |iα0/
√
2〉 ⊗ |α0/
√
2〉. The short-dashed-blue, long-dashed-
blue, solid-red, dot-dashed-blue, and solid-blue lines corre-
spond to the HD, the ID, the PD, the SNL, and the HL, respec-
tively. It is worthy pointing out that the four blue lines are re-
lated to the blue scaling on the left side of frame while the red
line corresponds to the red scaling on the right side one. Pa-
rameters used are: |α0| = 2 and g = 1.
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Fig. 8. The phase sensitivity ∆φ of the SU(1,1) interferome-
ter as a function of φ with the loss on the phase sensing arm
(dot-dashed-red line) and the free arm (dashed-blue line), re-
spectively. The solid-brown line presents the ideal case. The
dashed-green, dashed-purple, and dashed-orange lines denote
the SNL, the HL, and the QCRB, respectively. Parameters used
are: |α0| = 2, r = 0, and g = 1.
short-dashed-blue, long-dashed-blue, solid-red, dot-dashed-
blue, solid-blue, and dashed-orange lines correspond to the HD,
the ID, the PD, the SNL, the HL, and the QCRB, respectively. It
is worthy pointing out that the five blue lines are related to the
blue scaling on the left side of frame while the red line corre-
sponds to the red scaling on the right side one. One can easily
find that the HD has the best optimal sensitivity of phase esti-
mation among those three detection schemes while the PD has
a phase sensitivity which is worst under the condition of two-
equal-coherent-state input. Moreover, it is worthy noting that
although the ID has a medium performance, it still surpasses
the SNL even with loss of L = 30% which is different from the
cases of one-coherent-state and coherent ⊗ squeezed-state in-
puts. Furthermore, it is easily to find that both the HD and the
ID are robust to the loss where the optimal phase sensitivities
degrade a little with the increase of the loss as depicted in Fig.
7.
It has been studied for the case of the same value of loss
(L1 = L2) on the two arms between the two OPAs in the pre-
vious section. Here we will discuss the phase sensitivity in the
presence of different values of loss, L1 6= L2, where the result
is shown in Appendix H. In Fig. 8, we plot the sensitivities as
a function of φ in the presence of loss only on the phase sens-
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ing arm (dot-dashed-red line: L1 = 0.1, L2 = 0) or the free
arm (dashed-blue line: L1 = 0, L2 = 0.1), respectively. It is
shown that the sensitivity reduction by the loss on the phase
sensing arm is larger. This is due to the fact that the loss on
the phase sensing arm degrades the phase information directly
which has a significant impact on the sensitivity of phase esti-
mation. Therefore, we should pay much more attention on the
loss on the arm experiencing phase shift in experiments.
4. CONCLUSION
In conclusion we study the effects of loss on the phase sensi-
tivity in an SU(1,1) interferometer with the PD. The effects of
loss have a significant role on the sensitivity of phase estima-
tion with the PD while the PD still serves as an optimal strategy
when considering the phase fluctuations [40]. This is due to
photon loss distorting the parity of photon number for the PD
to estimate the phase variance. In the presence of small loss,
the PD still surpasses the SNL. Moreover, we also compare the
performance among the HD, the ID, and the PD in a lossy non-
linear interferometer with various state inputs. It is found that
when the input is in a vacuum state, the ID is the optimal de-
tection in the presence of loss while the HD is the optimal mea-
surement when the input is in a one-coherent state, coherent ⊗
squeezed state, or two-equal-coherent state in the presence of
loss.
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6. APPENDIX
A. Model
We review the model as discussed in Ref. [41]. The schematic of an SU(1,1) interferometer is shown in Fig. 1 where the OPAs take
the place of the 50-50 beam splitters in a traditional MZI. Here a coherent light mixed with a squeezed vacuum state is considered
as the input. The annihilation (creation) operators of the two modes are denoted by aˆ (aˆ†) and bˆ (bˆ†). The propagation of the beams
through the SU(1,1) interferometer is described as follow: after the first OPA, one output is retained as a reference, while the other
one experiences a phase shift; after the beams recombine in the second OPA with the reference field, the output lights are dependent
on the phase difference φ between the two modes.
For simplicity, we consider the phase space to describe the propagation. The Wigner function of the input state, a product state
|α0〉 ⊗ |0, ξ = reiθs〉, with coherent light amplitude α0 = |α0|eiθα , is written as
Win(αi, α0; βi, r) = W|α0〉(αi, α0)W|0,ξ〉(βi , r), (17)
where the Wigner functions of coherent and squeezed vacuum states are given by [38]
W|α0〉(αi, α0) =
2
pi
e−2|αi−α0|2 , (18)
W|0,ξ〉(βi, r) =
2
pi
e−2|βi|
2 cosh2r+(β2i +β
∗2
i ) sinh 2r, (19)
respectively, with θs = 0 by appropriately fixing the irrelevant absolute phase θα, and β∗i is the conjugate of βi.
After propagation through the SU(1,1) interferometer the output Wigner function is found to be
Wout(α f , β f ) = Win[αi(α f , β f ), βi(α f , β f )], (20)
where αi, βi , α f and β f are the complex amplitudes of the beams in the mode aˆ0, bˆ0, aˆ2, and bˆ2, respectively. Generally, propagations
through the first OPA, phase shift, and second OPA are given by
TOPA1 =

 u1 v1
v∗1 u1

 , Tφ =

 eiφ 0
0 1

 , TOPA2 =

 u2 v2
v∗2 u2

 , (21)
with uk = cosh gk, vk = e
iθk sinh gk, and v
∗
k being the conjugate of vk (k = 1, 2), where θ1 (θ2) and g1 (g2) are the phase shift and
parametric strength in the OPA process 1 (2), respectively, see, for example Ref. [64]. Therefore, the nonlinear interferometer is
described by T = TOPA2TφTOPA1. Thus, the relation between variables is given by

 αi
β∗i

 = T−1

 α f
β∗f

 . (22)
More specifically, we assume that the first OPA and the second one have a pi phase difference (particularly θ1 = 0 and θ2 = pi) and
same parametric strength (g1 = g2 = g). In such a case, the second OPA will undo what the first one does (namely aˆ2 = aˆ0 and
bˆ2 = bˆ0) if phase shift φ = 0, which we call the balanced situation.
In the case of the balanced situation, the relation between the input and output variables is found to be
T−1 =

 G R
−R H

 ,
where G = A − iB cosh(2g), H = A + iB cosh(2g) and R = −iB sinh(2g) with A = cos(φ/2)e−iφ/2 and B = sin(φ/2)e−iφ/2. The
output Wigner function of the SU(1,1) interferometer is then obtained,
Wout(α f , β f ) =
4
pi2
e
−2|Gα f+Rβ∗f−α0|2−2|−Rα f+Hβ∗f |2 cosh(2r)e2Re[(−Rα f+Hβ
∗
f )
2] sinh(2r)
. (23)
Alternatively, according to Ref. [65], the parity signal is given by
〈Πˆb〉 =
pi
2
∫
Wout(α f , 0)d
2α f , (24)
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B. Parity detection signal in ideal case
According to Eqs. (23) and (24), the detection signal 〈Πˆb〉 is worked out as
〈Πˆb〉 =
1√
x1
e−x2/x3 , (25)
where
x1 =e
−2r(e2r + 1)2[8 sinh4(2g)(cos(2φ)− cos φ) + 4 cosh(4g) + 3 cosh(8g)− 7] + 64,
x2 =4|α|2 sinh2(2g){8 cosh(4g) cos(2θ) sin4(φ/2)− 8 cosh(2g) sin(2θ) sinφ(cos φ− 1)
+ 8e4r [cos θ sin φ− 2 cosh(2g) sin θ sin2(φ/2)]2 + 32e2r sinh2(2g) sin4(φ/2)
+ 8 cosh(4g) sin4(φ/2)− 8 cos2 θ cos φ + [3 cos(2θ)− 1] cos(2φ) + cos(2θ) + 5},
x3 =(e
2r + 1)2[8 cosh(8g) sin4(φ/2) + 8 cosh(4g) sin2 φ + 4 cos φ + 3 cos(2φ)− 7] + 64e2r . (26)
Assuming that φ = 0, the signal is then simplified to
〈Πˆb〉|φ=0 = 1. (27)
This is due to the second OPA would undo what the first one did if φ = 0. Meanwhile the output field is the same
as the input. Thus the output in mode b is the one-mode squeezed vacuum. The measurement signal is one with
the one-mode squeezed vacuum input causing only even number distribution in the Fock basis with |0, ξ = reiφs〉 =√
1/ cosh r ∑∞n=0(
√
(2n)!/n)(1/2)n [exp(iφs) tanh r]n|2n〉 [66].
C. Heisenberg limit and shot-noise limit
Here, we focus on the HL in an SU(1,1) interferometer. According to Ref. [36], the HL corresponds to the total number of photons
NTot(≡ 〈aˆ†1 aˆ1 + bˆ†1 bˆ1〉) inside the SU(1,1) interferometer not the input photon number as the traditional MZI. This is due to amplifica-
tion of the phase sensing photon number by the first OPA. Then the corresponding HL is given by
∆φHL =
1
NTot
, (28)
where the subscript HL represents Heisenberg limit. According to Ref. [37] the total inside photon number is given by
NTot = (NOPA + 1)Nin + NOPA, (29)
where Nin = Nα + Ns. The first term of equation (29) on the right-hand side, (NOPA + 1)Nin, results from the amplification process
of the input photon number and the second one is related to the spontaneous process. Thus the total inside photon number NTot
corresponds to not only the OPA strength but also the input photon number. Then the corresponding SNL is written as
∆φSNL =
1√
NTot
, (30)
where the subscript SNL denotes the shot-noise limit.
D. Quantum Cramér-Rao bound
According to Ref. [41], one can easily find the QCRB of an SU(1,1) interferometer with different input states which are shown in the
table as follows.
Table 1. The quantum Cramér-Rao bound (QCRB) of an SU(1,1) interferometer with different input states.
Input states QCRB
|0〉 ⊗ |0〉 1/K1/2
|α0〉 ⊗ |0〉 1/[K(2Nα + 1) + 2Nα(NOPA + 2)]1/2
| iα0√
2
〉 ⊗ | α0√
2
〉 1/{2Nα[(NOPA + 1)
√K+K+ 1] +K}1/2
|α0〉 ⊗ |0, ξ〉 1/[2Nα(NOPA + 2) + N2OPA sinh2(2r)/2+K(2Nα cosh rer + cosh2 r)]1/2
where K = NOPA(NOPA + 2). Row 1: vacuum input state; Row 2: one-coherent input state; Row 3: two-coherent input state; Row 4:
coherent mixed with squeezed-vacuum input state.
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E. Parity detection signal in the presence of loss
According to Eqs. (7), (8), and (10), the parity signal in the presence of loss is given by
〈Πˆlossb 〉 =
8√
y1
e
− y2y3 , (31)
where
y1 =e
−2r(−4 cosh(4g)(−2(5L2 − 2L + 1)e2r + (L − 1)2(e2r + 1)2 cos(2φ) + (L − 1)2(−e4r)− (L − 1)2) + 16(L − 1)2e2r cosh(6g) cos φ
+ 8(L − 1)2e4r cosh(6g) cos φ− 8(L − 1)2e2r cosh(8g) cos φ− 4(L − 1)2e4r cosh(8g) cos φ + 2(L − 1)2e2r cosh(8g) cos(2φ)
+ (L − 1)2e4r cosh(8g) cos(2φ) + 16(L − 1)e2r cosh(6g) cos φ + 8(L − 1)e4r cosh(6g) cos φ + 8(1− L)L cosh(2g)((e2r + 1)2 cos φ
− 2e2r + 7e4r + 7)− 16(L − 1)2e2r cosh(6g)− 8(L − 1)2e4r cosh(6g) + 6(L − 1)2e2r cosh(8g) + 3(L − 1)2e4r cosh(8g)
− 16(L − 1)e2r cosh(6g)− 8(L − 1)e4r cosh(6g) + 8(L − 1)2 cosh(6g) cos φ− 4(L − 1)2 cosh(8g) cos φ + (L − 1)2 cosh(8g) cos(2φ)
+ 8(L − 1) cosh(6g) cos φ − 8(L − 1)2 cosh(6g) + 3(L − 1)2 cosh(8g)− 8(L − 1) cosh(6g) + 8(L − 1)2e2r cos φ + 4(L − 1)2e4r cos φ
+ 6(L − 1)2e2r cos(2φ) + 3(L − 1)2e4r cos(2φ) + 82(L − 1)2e2r − 7(L − 1)2e4r + 64(L − 1)e2r + 4(L − 1)2 cos φ + 3(L − 1)2 cos(2φ)
− 7(L − 1)2 + 32e2r),
y2 =16|α0|2(1− L) sinh2(2g) sin2(φ2 )(2(L − 1)(e
2r(cosh(4g)− 1)× (cos φ − 1) + (cosh(4g) + 1)(cos φ − 1)
− 2e4r(cos φ + 1)) + 8Le2r cosh(2g)),
y3 =− 8(L − 1)2(e2r + 1)2 sinh2(4g) cos φ + 2e2r(8(L − 2)L sinh4(2g) cos(2φ) + 4(L(5L − 2) + 1) cosh(4g)− 8(L − 1)L cosh(6g)
+ 3(L − 1)2 cosh(8g) + 8 sinh4(2g) cos(2φ) + L(41L − 50) + 25) + (L − 1)e4r((L − 1)(8 sinh4(2g) cos(2φ) + 3 cosh(8g)− 7)
+ 4(L − 1) cosh(4g)− 8L cosh(6g)) + 8(L − 1)L cosh(2g)× (4(e2r + 1)2 sinh2(2g) cos φ + 2e2r − 7e4r − 7)
+ (L − 1)((L − 1)(8 sinh4(2g) cos(2φ) + 3 cosh(8g)− 7) + 4(L − 1) cosh(4g)− 8L cosh(6g)). (32)
F. Phase sensitivity with the PD with one-coherent-state input with the same loss on the two arms
If one-coherent state is injected, according to Eqs. (10) and (11), the phase sensitivity in the presence of loss is worked out as
∆φL =
√
z1
z2
, (33)
where
z1 =1−
4 exp(
8|α0|2(L−1) sinh2(2g) sin2( φ2 )
2L cosh(2g)−(L−1)(−2sinh2(2g) cos φ+cosh(4g)+1) )
((L − 1)(−2 sinh2(2g) cos φ + cosh(4g) + 1)− 2L cosh(2g))2 ,
z2 =256
k1
k2
ek3 , (34)
with
k1 =(1− L)2 sinh4(2g) sin2 φ(−4(|α0|2 + 1)L cosh(2g) + 2(1− L) cosh(4g) cos φ− (2− 2L) cosh(4g)
− 4|α0|2(1− L)− 2(1− L) cos φ− 3(1− L)− L + 1)2,
k2 =(4(1− L) sinh2(2g) cos(φ)− 4L cosh(2g)− (2− 2L) cosh(4g)− 3(1− L)− L + 1)6,
k3 =[4|α0|2 sinh2(2g)(−2(1− L) cos φ− 2L + 2)]/[4(1− L) sinh2(2g) cos φ− 4L cosh(2g)− (2− 2L) cosh(4g)
− 3(1− L)− L + 1]. (35)
G. Phase sensitivity via the ID in the presence of loss
If one-coherent state is injected with the loss of L1 = L2 = L, the phase sensitivity with the ID is found to be
∆φIL ={csch4(2g)[csc2(
φ
2
)(2(|α0|2 + 1)L(1− L) cosh(2g) + 2|α0|2(1− L)2 + L2 cosh(4g)− (2− L)L) (36)
+ sec2(
φ
2
)((2|α0|2 + 1)(1− L)2 cosh(8g) + 2(|α0|2 + 1)L(1− L) cosh(6g) + L2 cosh(4g)− 1)]
− 8(2|α0|2 + 1)(1− L)2}1/2(|α0|2 + 1)−1(1− L)−18−1/2.
If vacuum state input (|α0| = 0) with the loss of L1 = L2 = L, the phase sensitivity with the ID is found to be
∆φIL ={csch4(2g)[csc2(
φ
2
)(L2 cosh(4g) + 2(1− L)L cosh(2g)− (2− L)L) + sec2(φ
2
)(L2 cosh(4g) (37)
+ (1− L)2 cosh(8g) + 2L(1− L) cosh(6g)− 1)] + 8(1− L)2}1/2(1− L)−18−1/2.
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H. Phase sensitivity with the PD with one-coherent-state input with different losses on the two arms
If one coherent state input is considered as input, with different losses, L1 6= L2, the phase sensitivity is found to be
∆φL =
√
f1
f2
, (38)
where
f1 = 1− 4c2 e
c1 ,
f2 = 256
d1
d2
ed3 , (39)
with
c1 =− [2|α0|2 sinh2(2g)(2
√
1− L1
√
1− L2 cos φ + L1 + L2 − 2)]/[2
√
1− L1
√
1− L2 sinh2(2g) cos φ + 4L1 sinh4(g)
+ L2 sinh
2(2g)− cosh(4g)− 1],
c2 =(−2
√
1− L1
√
1− L2 sinh2(2g) cos(φ)− 4L1 sinh4(g)− L2 sinh2(2g) + cosh(4g) + 1)2,
d1 =(1− L1)(1− L2) sinh4(2g) sin2 φ(−4(|α0|2 + 1)L1 cosh(2g) + 2
√
1− L1
√
1− L2 cosh(4g) cos φ − (−L1− L2 + 2) cosh(4g)
− 4|α0|2(1− L1)− 2
√
1− L1
√
1− L2 cos φ− 3(1− L1)− L2 + 1)2,
d2 =(4
√
1− L1
√
1− L2 sinh2(2g) cos φ − 4L1 cosh(2g)− (−L1 − L2 + 2) cosh(4g)− 3(1− L1)− L2 + 1)6,
d3 =[4|α0|2 sinh2(2g)(−2
√
1− L1
√
1− L2 cos φ − L1 − L2 + 2)]/[4
√
1− L1
√
1− L2 sinh2(2g) cos φ
− 4L1 cosh(2g)− (2− L1 − L2) cosh(4g)− 3(1− L1)− L2 + 1]. (40)
